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ACTB^ITISS IN ' ELBfENTARY PROBABILITY . 

♦ ' s 

INTRODUCTION 

• ^ 

* * \ 

; When i took my first probability course^ in college/ I discov- 
ered, that probability could be a. very challei;iging subject. '' 
T^er* are many notations, formulas, and theorems to be learned. 
It was not until later, as a student^ teacher, that I*»realized 
most of the' probability that an average person will ever need 
can be learned without iftuch of the formality encountered in . 

) the usual probability course." - , . ' 

Not oT.ly ^an the formality be omitted, but uro'oability dan 
ev^i;^ be fuQ to l^arn. At the same time, it serjies as an 
^^exceptional>*e€rhs to reinforce arithmetic skills, including ^ 

• work vith fragtions and percents.. Also, it provi<4es an oppor- 
t-unity to combine theory with oractice in the' form o'f lessons 
and experiments'. Often, teachers do not take full advantage 

' of this opportui^ity. 

Thus, what I have attempted *to do in this unit. is combine the 
theoretical work'^ essential to understanding basic probability 
with some experiments whi^ch will lend practical insight to that 
theor;^. J have attempted to keep the work at a level appro- 
oriate for most middle school or junior high schocl students or 
even a cons.umer mathematics class at the high school level. 

The unir is .divided into two^parts. The first p^rt includes 

the counting techniques which will be needed before the actual 

work with probability can begin. Covered in part one^ arg the 

fundame^ntal counting principle^ Snd work with combinations and 

* 

• T^ermu-tations. Some sample problems are included with each 

* • *" ^ ^ * 

lesson. The answers to these .problems appear in ^ the back of 
the unit. ^ - ' , ' 

O 



The second Dart - consist^ ot a combination of lessons and 
experimeots / The lesson's deal with orobability and its appli- 
c^t^ons. Again^**sample problems are included. The experiments 
attempt l^o reinforce t^he theoretical 'work* I have indicated * 
what seems- to be a natural order* of presentation for both 
lessons and experiments. Also* included are> ideas on, the tech- 
nibues" 3 fel^'-work. we*ll for ;^i4tten lab reports. 

The* basis for most cf .the theoretical work comes from H. R. 
JacotTs boc.^i Mathematics: A Human Endeavor ^ (W. H. Fxe^mah 
and Company^ San Francisco^ 1970).' I-fr. Jacob's boo'tc is one 
of the mo5t entertaining Ind informative* mathematics textbooks 
I nave 'ever read,' I would suggest this book for, reference and 
additional problems. 

The experiments come .from^ a variety, of sources. Some were 
borrowe^d from VQrk done by Dr.. Albert Shulte of Oakland Schools. 
Some ^vere adapted from Creative Experiments lr> Probability* , 
(Midwest Publis-her^).^ by Dr, Donald Buckeye of Sastern Michigan ^ 
University\ Some were devised by Mr, Gerald Leckrone and mys'-elf 
to suit a -particular situation. O^irr DecKronQ^ with whom I did 
my student "teaching at, Brighton High School, is responsible for 
many of the ideas in this unit, and I owe him special' thanks 
for his help. ' ^ 

This unit is not en ii)-depth study of the» ;theory of probability. 
Its goal is to acauaint'-the student with a discipline he will 
encounter, in some form, 'every day. 



INTR(»UCTION TO* PART I 



Following are the outlines for lesson plans.^hich coyer the 
fundamental counting principle, permutations, and combinations. 
Included are five outlines with the basic development of these 
ideas and some sample problems. . JL 

Remembering that" this unit is going'to emphasize Qxperirnqnts 
rather than theory, these lessons explore simple ideas ■ / 
via simple means. In^this section, there is only one rule SKnd 
one definition for students to learn. Complicated presentations 
and complex deyelopme-nts of. the -ideas would only confuse a stu- 
dent at this level. They are. not. necessar^y and should be avoided 

The best-way to begin a lesson is to ask "-What if...?",, begin-" 
ning with a simple example, theti- build up to more complicated 
examples through clas^, discussion, keeping in mind wha± it is 
that needs. ,-&o be eveh^aially acccanplished in the lesson. The 
problems should reinforce the lesson and perha^js leaii_fro more 
problems and Questions. ■ " • " ■ ■ , 

--^hese first five lessons should talce about one day each, ' \ 



LESSON 1: THE FUND AlffiNTA^ COUNTING PRINCIPLE 



ikc 



V 



ebjective ; ^ 



The student can find tl(i^>wtaX number of decisions, to be made 
by n^ltif&lying the numbk;^|pk^ choices that can be'made at each" 



^decision;.^ 
Example : 

4 



■¥■■ 



Given one true or false question, 
, how many choices are there? 

'Olven two- true or" false questions? 



• • T 

T.T 
T F 
F.T 
F F 



Giv$n three true or false questions? 

T T T F 1J T 

' T T F F T F 

T,F T F F T 

• T F F F F F 



=• 2 .choices" 



= 4 choices 



8 jAoices 



Method: ] . ' ' 

Us'e the boxes of this make believe test 6nd see how many ways 



they could be filled in. 




( 








» 

one question 


2 








2' ways = 2^ V 


two questions 


2 


2 






4 ways = 2^ 


thr^e • " ^ • 


2 


2 . 


2 




8 ways =2^ 


four* " 

* 


2 . 




2 


2 


? ways = 2*^ 


Ih general,' the total number 


of 


ci^^ices' 


•*> 

possible is found by 



multiplying the numbeV of choices which can be made each tinje. 
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Apolication: 



Suppose ypu hav.e 3'. multiple .choice queg^icns witb 4 answers to 



each question. Apply the above method. 













^4 


2| ' 


4 • 




4 



= 1024 i^iaye. 



If a; computer dating service had applications , from 55 men and 
"5 , v-'om.'^r., hpw -many dates can he ^rranged? 

? dates. 



?]robl-er.s 




« , i: 



How many diffef,ent Michigan license pl-ates are possible ^ 
given a three letter-three digit fo'^roat? '(Vowels.- a/'e, 
are not used in -Mic'higah license plates,) 



1, 0, -u 




2. 



A -recent letter to-Arition Line -in the Detroit 'Free Press 
expressed concern tha4:- the Social Sbcurj.ty Department ^na^ 
run cut -of numbers for its'cards. Given the . standard 
nifie-dig.it cardj ,hoK many different *cards ©re possible? 



3.' 



^ ' f ; 

Suppose the Social Securit^y Department addfed a jingle digit 
^onto the end of'the current nuJn'^er. How ^mar>y- cards wouM 
then be<^osBlble? , * . 

• ■ . ■ • : • /- ■ 

V?hat;Woul^- be the I'esult if, instead of adding ^, single 
;dl§it onto^'the end./ they a'dd^d abetter? . 

You are working' a maze^. ^As you .go -through it/ you find 
that ,there' aiife^ 'lO '^forks in the road" where you must- • 
decide to go -left or right, ^ow many different paths are ^ 
possible in the maze? Is t^ere g good chance that you** 
' wil4 get through it on your first .try? 



•LESSON 2.V PE'eMUTATICNP 



Objectilves :. , . . * ^ . - ' • . . 

The student ^can apply the fundamentai counti^ng principle to 
s.olve the orcblem of arranging things 'in* a definite^ order; 
The student ca.n apj^y the .def init^ion of ffactorial ta -solve n!^ 
given n. . . ' . • . 



Sxaq^ple : 

* t ♦ 

Given two peopl^, i^lice -and 'Bill, hbw m^ny v;ays' can. they be 
.arranged? 



Ho\\' -about thy-ee people? 



(i 
{l 




A 


• B 






B 


A 


A.B p 


■.A 


C 


B 


'•B 


B 


C 


A 


CAB 


. .C 


B 


A 



- 2 ways, 



= .6 ways , 



Given four people, how many ways can ^hey be arranged? 
Method: " • . ' 

Use the Fundamental Counting Principle.* We have 4 people, so 
we are concerned *with ;4 space's. 



The first space can^ be filled by anyone so there are 4 choices 



But once that first space is 'filled, ^ there are only 3tx:hoices 
left for the second seat. , - 

Noi?J,we are left with/only 2 peof)le to plate* in the next^spo-t. 



.V. 






7 



And ^in the last spot is the la^st person, 

* . . . 















3 




1- 



8 
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the. Fundainentai' Couoti'rig- Principle^ we get. the total by 
multiplying 4-..3.2.1 = 24. -This can be verified 'b-y writing 
all -of the possibiliti^ 'as'.ve d<id above: A.-B CD- A C D B 
A. D f B - . . ■ ? "• • . 

A. short ha notation for is 4!. .What woiUd *he 

shorthand foriii foK 

App],ications : 

Suppose that 12 people-arfe coming to Christma§^ dinner'. How' 
•,ma<;y' different crders are there for 12. people? ' ' 

12\ ir . . '^ • 



T r 



Suppose that 12 people come to a.fanjiljr dinner and .that there 

are only 8 places -at the dining room table. .The re^t have to 

^eat in the k.itchen. Hew 'many ways 'can the. 8 availably s«ats 

be i'illed? * , .x . . 

• _1L-_11 

■- • • „ K .- 

Problems ;- .- -* , 

4. Calculate: 5!; 8!; 3!-4l-.' is 3!>-U! = 12!? 

5. Suppose a'^ veterinarian has an ^ardvark, § bear, a cat, 

a dqg,. an egret, and a fox and has 6 _cages in' a row. 

.How many" different ways can tfhese animals be arrahged-V* 

■> ' ' •■ • ' .. ■ ' 

6. How lany jv8;)rs can J people line' up a drinking 'fountain? 

... ^' /> 

7. "At a track meet there ai^e^B ^S^tsons irunhlng" "the 100 yard 
dash.^ There are awards for fi,rst, second, and third place. 
How many different ways can 3ist, 2n.d, and 3rd b^ awarded? 

8. ^ How many different ways are there, of §crambling the letters 
*_.0f AVERSION? * ' ■ ■ . '' • . 

9. * How many different 4-lettQr arrang^emen»ts can be made using 

letters in' theJ word TOLERANCE? ' • • _ * 



A > . : V • • ^ 

48. ,^ 5.. ' 



/.^SSSOI^ PE?J.:UTATIONS V;iTH REPETITION 



>7 ^ 
t 



Objective : 'N^ , , 

,The student jeni^ calculate the number of \v'ays to arrang^^^a set 
cf Qbjects tvner. one sublet those, ob Jec ts- c-or.siste of* identical 



'eierients. 



y 



Ccnsider tr.e v;crd H;v; rr.any different 3 letter v;ords could' ^ v 

^ oe niaa^ : rorr. these letters'-v , . . 

• • • • * . . • 

Previous v;orr'. .seer.s tc indioete 'that ' there could 3.2-1 = 6 
dif ferment a rr^.ge-e'a"£'. * Vet, if , v;e listed all 6 "diffel^erit wordsy", 
the results rf.ight rather oerolexing.^ * ^ . . 



Tc facilitate the. lis'ting, v;e y^'ilX nunber- the"^\s . ^ ^ , ^ 

■ * E^E^F_ S^E^ E - 

Novr loojftt at the same 1 without th^ numberfe^ ' • • . 

^ ^ F'*E E ^ E S . ^ 

* ? E ^ F E* ^ . 

' ' . ^ . * E ^ F E E F 



Kithout the numbers, there is no difference between the two 
columns. Wh^n we v.'.^rried With people or animals, ^^11 th^ 
ob^acts were distinct. But when letters are invcfejj^d, there 
' ^fzen is ifetretitiori^ " | , ' > ' / 

<, Methoa' :> ^ ' • . - ' 

":— • . ,! \ * • * • * - 

la the* above arrangemer1t"^r^ ijid^^ed, ^o^l$r have 3 distinqt 
, ^ arl^angements. Cur formula/ 3! ^ -gave us 6 "different" ^arrange- 
ments, 'exactly twice as many as "it should have. On closer 
inspection we see that the 2 E's, When couh^d as separate,* 



1^3 

ERiC ^ 



iettsrs, par. oe arranged in = 2 different' ways. Therefore, 
.t- adjust fcr repetitlch, divide 'cut zhe nur.ber of ways that the 
identical letters can be arranged. 

rr.'is viial^gr/e t-ne 2z:i^rect nur.ber cf different arrangements ^ of 
^^^^ tr.e~re^ters in FES. ' . ' * ^ " - « 

= ^ 9.1"^ different arrangemer.ts . 

AcDli^aticn: 



Hcv: r.any dif^ferent o letter ferrarjgaments are there 'of the , 



> let^iprs in the word SKEE2S? 

, Since there are 6 letters, there are 6; ^ arr'angerr.ents . But since 
there are 3 S^s^ v;hioh*can be arranged 3! ways, the number of ' 
different -arrangements is: . 
^ ' * • ^ • 1^1 * ' \ * • 

^ . jr g:.^, 2 — r " -^^"^ di^^ferent- arrangements*. 

Problems: '* • ' - ^ • ' ' 



10.^ , H^w many diffei^ent arrangements are there for th^ letters 
in MISSES-? 



in UNUSyAt?^. 
in.3^^R$RR? 




H:k inany different numbel^s can be made by rearranging 
- * the di-gits 63616 in 'all possible' v:§ys? , 

12.. _ Suppose 5 i^teitSds*! pennies are rilaced in -s row.^ Hois^ 

many different arrangements are there -in which only; i coin 

^ ;Hli be»a tail (T)? . ' ' ^ 

'.Hint: -How many different, ways are there to arrange ^he 
letters T H H H H?) 
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less::; more cn psbs-iutaticns^v^ith repetition 



Tne student ^an calculate the r.unber of ways to arrange a 
set cf cbjects when tnere are several different subsets of 
identical cbjects v;ithin 'tl^e'set. 



r.xarr.o^e: 



^i.i'rDntea ;^;ltn tne v;crd FREEZE, and armed with our knowledge 
cf perr.utat.icns from Lesson 3^ is obvious that there, are 

" ' 1 1 ' . ^ 

5' c*^*^*7*2*l 

3-r = — ' o ' -i - ' = 120 arrangements of these letters. 

0 • f-' ^ 

■ ■ ^\ ■ - . 

But in the word FREEZER the addition, of the letter "R" to the 

word FREEZE comDlicates the matter slightly. 
I ♦ 

FREE2ER not only has E repeated 3 times, but now there are 2 R^s. 
Method: 

It is necessary to expand on the method from Lesson 3* That is, 
we must divide out not only the 3! ways that 3 E's-can be ^ . 
arranged but must also divide out the 2! ways that 2 R's can be 
arranged.. 



The hdmber^of different ways to arrlnge the letters in FREEZER 

vrcula ther. be: • ■ 

11' . ' 

• ' ' ■ TTTr = bVl)-(g-l) = different ways. 

/ill 

Application : " ^ • • • 

How many distintt arrangements can ba miade fromi all 'the letters 
in the word MISSISSIPPI? 

There are, 11 letters so there are 11! arrangements. There are 



- I's .which car. be arranged in-^! ways. There are 4-S's which 
oar. be arranged in w^ys. There are 2 P's 'which can- be 
^arranged in 2\ ways. Our final resiilt, dividing -out to avoid 
repetitsion, .will be: * • . i . • * 

' _ ii'io»?»r'7»g'5'^'i'i»i -^c.v 



. i i 1 



111 



1 '■' 



r.zY. ir.ahy aiiierenr arrange:r:ents are there i'or the- letters 

in tne wcrd REPETITION? 

in tne wcrd SOCICLOGXC.AL? . 



Hew r.any different signals can be sent using 6 flags, hung 



vertically. 



the flags are red and 2 are 'blue? 



15 



:f - perj-.ies are arranged in a row:- 

I. How rcany xvays are^there for all coins to be Heads (H)? 
Hint: How isany different arrangements are there for 

U U -JO \ 

Hc;< many v:3ys can you have 3 Heads (and 1 Tail)? 
ncv; ir^any v:ays can you have 2 Heads? 
Hew r.any Kays, can you have 1 Head?, ^ 
Hov; r.any Kays can you have 0 Heads? 
V:h^t is the total number of outcomes possible, w\th, 
- pennies? (Hint: Us^he Fundamental Counting ^ 
Principle . ) 

^ 1st cp^n ^ 2ndjCoin 3^d coin ^th coin 
ft * ' * 







Add up all the ans;'rers in parts a through e above, 
Dces^ y9i^r ani^wer agre^ with part f? 



16, 



Fclicv; a format similar to problem IS'^for 5 or more 'coins. 



16 



Tr.e s-tjder.t will fine: tr.e n'or.ber :f r cn:binaticr.s by ug^r.g zh^ 
Fur.isr.er.tel 7?ur.tir.g Principle and tnen, dividing by the nuir.ber 
:f duplicate arrang-^rrents . ' ''^ 



^xarc^: 



Y ^ have .;:in-^d a re:rrd thr rDnth.club. As en i^nrroductpry 

.y 5*albur.s frcr. a lisj) of 25- Hcv; 



r.3ny v:ays can y:u cn::se; 



Sin*:-e tr.e re are 23 different aic-or.s tc cheese frcr.. it >:culd 
s'eer. safe t: say tnat tnere are 25-2«*-23 = 13,5:o different 
v;ays t: cnccse* 3 a^lb^^T.s. • \ ^ 

3ut dres tn*? order in v:hioh these aibums ere -chosen matfe any* 
differenced The albar.s co-r.e at the sar.e uir.e in the same 
pacriege. .And even tnough v;eT:ay epjoy one o^f the'fhrse more . 
ttan tne others, all 3" a^buriS are in a senrsey €Oui\-alent. There 
is n: a-dVar^.tage to cnocsing the 3 albur.s iif any particular order. 
Here, crder r^aKes nc/dif ference . * ' ' 

Tc "find tne nuir.ber of combinations pos^ble, *then, we must use 
the fundainent^l c?:unti;;^ principle. Theji divigie by the number 
cf v;ays in which th^thifhgs being chosen can be arranged ♦ 

Three albums can be arrajiged in 3' wayfe. The nuir.ber of ways cf 
cheesing, S albums from 25 is: J 

. ^ .1 1 • • 



1 i 



13 • 
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Applicaticn : 

:r. a :a.ass of 23 students, •> students 'are to be chosen f;Dr a ' 
.•lass presentation. How r.any v;ays oan tiiese • students be -chosen? 

"n-osing -r students, fror. 33 -an be done in 33-32-31-30 ways.- 
Sinoe the order in v;hio?i they are chosen is irrelevant, we 
r.ust; divide by the nu-tber of v:ays in which ^ students oan be 
arranged, -:. Cur result is:* . . * « 

/ ■.-.•111 >. • • 

PrDblerr.s: ' 



Hcv; r.any v;ays car. a ccrjrlttee of c^enatcrs be chosen- 
fror. -irC senators? _ 



ihere are 12 students eligible, to attend a* National 
leadersnip Canp, but there are only 5 openings. Kow 
r.any different v;ays are there to choose the 5 ztideots? 



.-. nand of FoKer^ consists of- 5 c'ards .^ealt from a decic 
of 52 playing cards. How many different' poker hands 
■.are there? 



IIJTRCrUCTICN TC PART II . ^ " 

:;^v. v;e :ar. tegin the experimental part cf our unit., rirst^ 
an intrpiu3t:ry lerscn on probacili^y, then the first group 
:f exDerin-ent s . 

\ • * ' ' ^ ' 

Tnis pa'rt of the unit 'v;!!! ta'r^e fror: tv;o to three v;ee.<s. After 
X a lessen is introduoed^ r.ore experi.T.ents will be made available 
to *ne stud-ents. ^ ; 

Tne student 'rr.ay piori f^rorr. any -of the_ experiments available. 
• . 'Tne reas*^n' I thinri they sno;;ld be passed out a fev at"^a time is 
t::a^ tnen tne student v;ill not be able to do 'all of the "fun" 
experiments first. This v:iil also m^arie the decision of which 
experiment to do easier because he v;ill 'net have so many to 
- cheese from at one tLT.e. 

•I have organiz|^d these experii^ents in such a way that they can 

^be readil^^ converted to -tasK icards. Each page of expei^lments 

^ consists of tasri cards.* 'After a lesion is completed^ add 

^•''^.e experiments included in that lesson- to the collection from 

previo^ls I-essons. , . * " . - 

V ^ • 

• \ 
•One* suggestion is^ to mount and laminate the^e task cards . This* 

allows for convenience lin handling as well as' protecting the . ^ 

cards from tne rigc5rs* of daily classroom use. If unfamiliar 

with laminating procedures, consult year media specialist. Ke 

or she will best be able to lielR you suit your individual n^eds, 

• 

^Eaph experiment will require a lab report. In keeping ;<ith the 

spirit of criterion referencing^ I have devised, a "lab check-list' 

sneet which will help the student make sure his exoeriment reuort 

is cor.plete. I have' a-lso provided write-up sheets for each 
« 

rebort so" that the reports have a more unifcjrm appearance and so 
tnat the suudent will always have a copy of the instructions for 
the report. It helps to post some of the good reports as 
examples and as positives reinforcement. 



leper.ding cr. tr.e depth Icf eacn lesson, -*it ^should za^ke one to 
tv;s days to present the^lesscn v;itn two tc thr'ee days for 
experiments* Again, tne en:phasis^is on experimentation, but - 
it seecs essential that the student understand some of the 
casic tneory behind what he is doing in lab. 

Ls an added note, I would point out that altho\:gh I use the 
v;crd "lab", I, personally, have never been privileged to worHf^ 
ir. a scnrol v:here s^eparate matn lab facilities were available. 
Wnen I ret^er zz a lab, I am referring to a classroom in which 
student's, desr;s, and equipment are conveniently rearranged. 

.As far as nanaling the various, apparatus,^ i%e., dice, cards, 
I as.'C the students tq bring in what they can and 



icms, etc 



^y r.ay not get it bac.<. I then* rceep the 



materials in a large shoebox and let students ch-ec.K: the shoe- 
bcx out as 



:hey need it. 



\ 
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lESSCN 6: PROBABILITY ON A DIE AIQ DATA COLLECTION 



^ »- 0 

Tne stud-rnt v;iil be able to use the definition of probability 

z: fir.d^ in fraction- fom^ zhe probability of a simrffe event 

urring.- • ' - • * 

Tne student :Tan plot cctn a frequency di^stributicn chart and 
a bar grach^ given ine .aDurouriate 'date . 

EXairrole: • . ~ ' ^ 

— — • ^fi t* 



ERIC 



: :nsider" tossing a* coin, /.'hat v;ould tte- the ".chances^* of getting 
a nead? tai^l? ' ■ , * 

Since there are' only tv;o possible- ways for' it to land, .it would 
seen: reasonable that we v;ould get neads half of -the time and 
tails the other half. . . ' 

If we Icofv at a die, how many ways could ye roll 1? How 
many w^ys could we roll a 2? a 3% How many num'^ers are there. ^. 
on a die? . ^' ' V " • . 

• # 

We can '^ay our chances for roljing "a 3 would be one chance in 

1 ' • 

six, cr as a fraction^ g-. / • n 

Khat v;ould tne chance be of -rolling -an even number [*since^half 
of ^the numbers are even")? ' ■ • 

Method: ' • - . /<: , ' 

. I 

This leads us to the definition of probability. The probability 

of an event CK;o\>rring is: .-^ * * 

?i^v-nt o-curs)'= "^^^^ favorable ways 
rv-\.nu occurs; number of total Kays 

9 

Applicatiop : r 

Consider the. eight letters in "HOT''COCOA"v If we wtite each of 



y • 



these letters on s c4rd/ shuffle the cards, then pick "one 
ranacrr.: 

(a:? V;nat are the chinces jf getting the Latter C?^ • . ' 

b) Ahat are the zrkmes of, getting a letter in the word/CR^M? 
Hint: Hcv; marfy 'cf the lette.rs.in CREAM appear on the cards? 
nrv: nany cards/ are there in all? 

Fcctncte : 

.Frequently v;e v;i:^l have 'tc iceep track of a large amount of. data, 
especially when ^-e are dping* experiments • Suppose we w^nt to. *: 
dc -an^experiment/ using the abokre problem. V/e 'are going t-o see 
if we can get tiie same results from experimenting as we do in 
theory.. TThis Lay -h^ a good o'oint for discussion). 

/ . ' * * * ' 

v;e ar^ going ti pick 100 times from our deck of cards and 

I'ec-ra the re^alts. One gccd method is the use of a freqaien^y"- 
d'^s'tribution dhart ,a*s follows: ' ' • . ' 



. -of H's 



no. of T's 



fKl ^mi ui H 



n: 



C's 



^0 ^^TTS.^ ■ * « 

no. bf-A^s 



)>4J ni 



MtMLML 



And we can.-use a bar. graph for visual representation o.f thife chart: 




H 0 T C 'A 
letter* on card 
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Problems: 



SiVen deck: of cards^ in one^ draw, what is the protfaTD.ility 
^cf getting: * , ' • - • 

a. . The ace diamonds^ . ^ . ' ^ . 

b. Any ace? 



0 





A spade? 


1 


d. 


A red c^rd 


9 , 

■/ 


1 » , 

o 


you roll a . 


die 




i^. 2? 


ier 


« 


An odd nuir 






A multiple 


.of 


d . 


A seveni 





2£*' If a person rclls a die 0 times, how many 'time^ would 

• he/she expect a 6 to appear? (Hint: Since there is. a ^ 
- * chance for e'acn numbfer on the die to .appear, you woul^< 
• • ' expect the nuinDer 6 *to appear 'of the time.) 

How' many times would you*expect to get an even numbex 
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expect a 
you expect: 
(3e a'ccur 



Suppos .bag 
14 blue ^arbl 



*^ if you roll a die 30 times? 

'If you r3]i a (^±e 10(5; times, how many times'^would you 

to appear?- What per cenf of the time should 
a 3 to appear in a given number of rolls? 
te to two decimal places.) 



contains 16- red marbles, 10 green it\arbleSjj 
MS, a«d lO yellow marbles. If a marble is 
drawn and immediately replaced, what is the probability: 

a. . Of gettjAg a red marble? • , . - / ^ 

b. Of gettir^ a red or a §reen jnal^ble? .-^ v 

c. SuppQse tthat 5 draws in a row have beeft reji marbles;^ 
VJhat is ihe. probability that the sixth draw will yield 

• * a red malble? (Remember that the marble is .replaced 

• af t^er ^ea^^h "^draw. ) 

* ' • 
d\. * Out of 1)0 draws, 'how many would you expect to be^^ 

'•.,^i. Red?f ii. Green? iii. •Blue? iv. Yellow? 



4 .LAB REPORT -.CHBCKLIST . 

, • 'J 

If ,V£U cah hcnastly check, each one of the following boxes for 
any .given l«b Report, you will earn an "A" grade. If you use 
this sheet, pleasV hand it in with your report. It is ijot 
maridatory. Use it only if you want to. ' • • 

DgGcription of ^experiment^ summarizing your entii:e 
procedure, ' ' , * . ' ' . * 

(^-^ A complete list of all data. 

; ( ) Data .neat and well Organized. • * i ' 

C3 . Predictions of the general outcome of 'the experiment, l 

Adequate a^nswers t^ all questions asked. 

' r\ there are any graphs', tables, or^charts requested, 

they are labelled and* reflect, accurately the data 
v/hiph is subnjitted. 

Complete sentences, good grammar, 

O* The report is clearly wrVtten, easy to foljLow from ' \ 
' ste,p to step. , * - ^ 

There is a short summary bringing out points of 
' interest and comparing predictions to results. 



\- ■ • ■ 

. • , LAB. REPORT SHEET ' , _ 



EXPERIMENT NO. . NAME ' - > ' 



DATE . ' iHOUR 



(^THER MEMBERS 0^ MY GROUP: 



Briefly describe your experiment^ v;hat you diifi^ how you did it^ 
and what youx findings were. Include answers to any questions 
that were ^ask^ed in the experiment^ Include ^predictions of how 
yQU expect the experiment to turn out before you actually do it 
All answers should be in complete sentences. A^l graphs -should 
^be'naat and clearly labelled. (Attach extrg sheets •or graph / 
paper if , necessary . ) ^ ^ ' ' * 



t 

t . 

1 

* * 

4 

• % 

> » ^ 
< • 

* 

»* 1 

* > 


• 

' . •■ EXPERIMENT NO. I' ' f 
- .{Apparatus: ,<,Coi*n) 

' , y '}■''', • '■ 

^ » Determine whether >a coin is hone si:' by flipping . 

^ .it 100 timeg and recording your results. ' 

2. What are 'the- resjilts after 50 flips? After 75 * 
' ■ flips? After" 100 flips? ^ .* ' . ' 

3- Did yoi5r,g&t the same, ratio each time?" . ' 

■ ■ ' - • 
h. -So you "-Ihink this coin is Hbnest? .Why or why not? 

. ^5- Did, you ever get 5 hea^is or 5 tails in a row? ' * it 
. ' • , • , ' . • . . 


** * 

1 * 

* 

• 

* 

> 

• 4 


t • • • V 

EXt^ERIMENT '*N0. 2 
• ' • ^(Apparatus: D,ie) . , , . / 

^' r, Detemrine' whether a die is 'honest .by railing, ^ , 
" " • 100 times and recording your results. > * « " 

2. ^' Vihat'ar^ the results ai^er 25 ro'll^? . 50 roiis?q/ 
. 75 r^lis?' .100 rolls? is there ar^ one numbesi;' 

- ■ ^ . that consistently seems tjp appear more ^Dften? . 

' ■ . . V " 1 

3. ' Did you evdr get th'e "same nuHibeiv.3 ti;nes in a 
.. ' row? ■ ' • " ^ v^^. \ \. 

^ ' 4. • Do you think tteis die is honest^ '/why\'. or why' not.?.. ' 


* 
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2. 



5. 
6. 



EXPERBIEI^ NO. 3 
(Apparatus: -Ten ^pennies, paper cup^ box'lid-)'* 

Place t^he pennies in the cup^ put your hand 

over the top, shake the. cup well, and 
» * 

empty the contents -int^o^he lid.y' , ' ^ 

Count how, many coins- turned up heads ^nd record 
this number* (If one should wind up standing' 
against the side of the lid, ^ count tn^e face< • 
you see . } ^ • - 

New repeat the aMve 199 .times; for a total of ' 
' ^00 tcises • - ' ' • . 

Show* the results 'of tfhe tosses* on a frequency^ 
distribution- cr\art* 

With the data collected, draw a bar graph;. 
Do your results seem reasonable? * 



. EXPERIMENT NO. 4 

t 

^(Apparatus: ^ Thumbta.ck). > ^ 



V 



1 W 



1. Toss or drop a thumbtack .onto a hgrd level 
sprface,, wheW it bourses before oojning-to 
rest* When the thumbtack , comes to rest, ,_:^t 
points^up (U) or down (D). 

2. Toss the tack,50 times. Record the data and 
calculate the ratio (fraction) of times the'^^ 
tack falls •U. ' ^ - 

3. Would you al?/ays get the same results? 

^. ; Repeat steps 1 and 2 a^ain and compare your * . * - 

results . ' " ^ * ^ 
5* Use^a* slightly slanted surface. and qlo step 2.- 
6. Dofes the slanted" surf.ace give different results?'' ^ 



ERLC 



j 


• 


4 

t 


' ' EXPSRIl-TEI^T NO. 5 
. . (ADoaratus: Cards ) 


• 


- 


'1. 


C::nceal a red ^c^ard in cne hand and a" black , 
card in^e other hand/ ' 


t 






-Let your partner tell ^^ou which^hal^d holds the % 








red 4 card. . - ^ . 


- • 

\ 


• 


5 . 
^ • 


Do this 50 tir.es. Keep track of your results. 

Do you fee^that your partner has E.S.P,. (extras 
sensory perception) or is he just guessing? 

Now you try the same experiment. Do you have 


\ . 

< 






E.S.p/? * ' ' \ 








EXPERIMENT NO. 6 ' ' 








(Apparatius: New half dollars) 

* * V ' * ' 




t 


1. 


Place a new^half doll^r^ on edge on the floor^ " 
and hold^ it upright v:i.th one hand. Give it a 
.flick with the other hand^ and let- it spin 


• 






until it comes to resiT. 






2. 


Do this 50 times and* record the results. What 


\ • 




4 

f 


has happened^? ^ ^ ' 


1 




3. 


Do you think the results" would' change il^you 
did this 100 times? ^LOOO times? 

• 

V " 


# 

■ -i 




1 


• # 

t 


• 




/ 3 




• * 
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EXPERBIEOT NO. 7 ' 


• 


• * 


(Apparatus: Two pennies) - , 


• 


1. 


Gary the gimbler is setting up a friendly gaise.. 






He suggests to Tony, "Let's toss pennies. I'll 




- 


toss mine first. If it comes rtp heads, I win. 




■■ 


If it comes up_ tails, you toss. If your penny 






comes up hegds, I win; if it's tails, you win." 




2. 


Tony says, "That's not fair! You'll win twice 






as often." . ' ■ ' ' 




3. 


Gary: "O.K., then! I get one peiiny if I win - 






you get two if yoxi win." • .. - 




4. 


Tony: "That^s better! Let'-s play!" 




5. 


Get a partner. One of you be Gary — 'the other, -'^ 






Tony. Tal^e 20 turns. Who won? How much did he win? 


• 


; ■ 6. 


Switch places.' This time who w'c^n? 




7. 


Is the game faipr? Why or why liit? Record the results.. 






t 

EXPERBIENT NO. 8 










• * 


(Apparatus: A coin) ^ 




. ? .3- 


The Martingale is an old and commonly used 






gambling- system. It gives the gambler a good 






chance to win a small amount, balanced against 






a small chance of faking a 1^-rge loss. 




2. 


Bet a. certain amount x. (For sMplicity b^t $1.) 




3'. 


If you win,* bet the same amount <$1). * . 




4. 


ir'you 3.ose, double the previous amount bet. 


i 


5. 


Each time you win, go back, to the original $i bet. 




. 6. 


Tos-s a coin. 20 times to try out the 'system.- -Let 






a head represent a win and a tail a loss. Record 






.your results. (Hint: -Keep track, of the amoimt ^" 


• 

• • 

1** 




.bet on e^ch' toss as well as the total amount won.) ^ 
* 






- 

si-9 • . : 
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LBSSO-N 7: MORS DICE PROBAEILITIBS 



Cbjective : 



The student v;ill oe aole to vrite rr.e probabilities cf a 
particular cutccr.e v.ith r.cre than one ciie, both as a fractit^n 
and as a percent. ^ 



Blue Die 



Trav; a diagrar. ;%ith tv;c. dice and 
all the possiole :utcc.T.es. This 
v;ould be good to^draw cn a trans- 
pare^y^ fcr future use. Hov; many 
v;ays can ycu rrll' a 7? Pr. 11? 
A' 13? n v; r^an^ cutco.T.es are' there? 
ft 

Method: ♦ 



I- 



c c 



2 3' ^ 5 6 7 
3^ 5 6 7 8 
Jl ^'56789 

5 6 V 8 9 10 

6 7 8 9 10 11 
7. 8^ 9 10 11 12" 



The way to ccr;pute the cfhances of-getting, these .numbers is to 
apply the method from our last les4on: 

;■ ' ' . * ' ' 

Probability of an event, P(event)'= "O- favorable" ^-rays . 

^ ^ total no. of ways 

Abfilication : , , 

V;hat i^-^t^e most likely to occur when two dice are rolled?*. 
'The probabi^ty' of a 7, P{7) = = ^• 
How about a 1?^^1) = ^ 



A'goDd way -to compare wk^ch events are more lilcely to occur is 
to convert cur ff-actions t^^s^rcents. . ' ^ 
Example:*. P(7) ^ .17 = 17^ 



Footnote: v 

Often when iistehing to radio ^or T.V., we hear someone refer to* 
the ODDS in favor of 'an event occurring. ODDS are simply e* 
convenient means of expressing pJ;obabilities. The way to'comgute 
ODDS is: 
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X-S -r. favcr :f ar. .evdr.; = r/ar.ber of favorable vvays 

nuir.oex ox uniavoraDle ways 

If a die is relied^ v:nat are uhe odds in favor of getting a 27 



>:hat.are ^Ine odds in favor of getting an even n^omber': (I-) 

tne abrve exar.ple help r:5rie sensg *out of the expression 
^'even-odds*'*; 



Fro 0 -.»er*.s \ 

2--* Giver> two dioe^ express the prob^bij^ity of the following 
events ooourring 'both as a fraotion and a peroent': 

a. ? 6 . 

b. ?:2^ . ' ^ 
J^o. ?,cf getting a T/ultipie of 

. d, ?;i;, * " . 

25. A dioe gar.e can^be played according to the following rules: 
i. You win on the first throw af you throw, a 7 or 11. 

ii. You lose on the first throw^i;f you .throw a 2 (sj-ake 
eyes), 3> or 12'. .* - * 

• iii. If you throw any other numbel* on the first thrdw 

'-^5 5> 6, 3, 9, 10), you must roll the same number 
' again .before you roll a 7 in order to win. * 

r 

In reference to this game, answer questions 26-31. 

26. ' What is the pro]Dability that you will win on the first throw? 

27- What is the probab'ility you will lose on the first throw? 

26. Ivhat is t^e probability you will neither win nor lose on 
the first throw? 

29. Suppose you roll a 4, 5, 6, Qr9> or 10 on your first throw. 
Are you more likely to win or lose the game? 



ERIC o X 



What are the oids in favcr of winning the game on the first 
tnrow? In favcr of losing on the first throw? 

Wnat Aouid be tne odds against winning cn the first throw? 
Are they toe sair.e as the odds in favor cf losing? 
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E>:?SRII.2I»T NC. 9 
Appsratus: T>;c dice' 



Tv.- dice car. ccn* up in any one cf 36 ways, 
••'ake a table cf tnese v.-ays ana include tne 
tctal r.'urr.ber'cf v.-ays each can ccn:e up. 
rl:i t.nese n-ur.bers cn a bar graph, leaving 
a blan.< space between each bar. 

?c;i t.ne dice 3-3c = i:5 tL-nes. Heccrd the results, 
rlct ycur results in a freque^ncy distribution chart, 
tarter ycu find tne tctal cf eacn n-ur.ber that 
appeared in ycur throws, divide each one by 
5 tc get tne average ever 3^ throws. 
Ma^e a table showing tnis average. 
?l-cr the data cn the san^e grap.n as the che used 
in step 2, using a different cclor. 
Hcv: clcse are tne tv;c sets of dataC 



SXPERLMSirr NO. 10 



'Apparatus: Styrofoar. cup^ dice) 



If y-ou roll two dice 100 times, which to. 
do you think vill^come up most often? % 
Oive reasons .tc support your g^aess. 
Roll poth dice from the cup foir 100 t±me\ 




R^coAxi the sun oX the twb numbers* shoKii]^ each 

tir/e on a frequency distribu^tion chart- ' 

After you have* completed tne chart/ mak^/'a 

« 

bar graph of your results. 

What sum is the mode (the number appeaiiSig most)? 
How does this compare with your predict:ion? 
Where aoes the expression ''lucky seven^f come from? 




EXTERB.SIJT NO. 11 
fAooaratus: A dod bottle) 



3et at least 3 persons in a group and sit in a - 
circle on the f'loor. If you were to spin a pop 
bottle once, what do you think the chances are 
that it will be pointing at any particular person? 
Select someone to begin* Spin the bottle. ^Record 
who is the closest to where it is pointing. Then 
that person spins it. Do it 60 times. 
Draw a frequency distribution *hart reflecting 
the da ta . 

Draw a bar g^avh reflecting the data. 

Did the bottle favor one person? 

Do you think it woul'd make a difference if one 

person spun it each time? Why or why not? 

If r.ore people played, what would be the resul^? 



EX^PERD^lEl^T NO. 12 ^ 
• — - -— 

(Apparatus: Coin) * 

1. Flip a coin and move one place to the right if^ 
it comes Tip^heads and one to the left for tails. 

2. Flip the coin 10 times, following the* directions " 
it gives you each time. How far from "S" are you? • 

3. Do this whole procedure ten time$. Do you always 
come out at the same olace? 

^. Pool your results with the other members of your . 
- ' group and make a bar graph shewing how many times 
you^nded up at a given place. 

5. Is your graph symmetric about the starting pointy 3^ 

6. " Calculate the average distance gone from the 

starting point for your data and your group's. 



* * * * * 



. S 



* * * * * 



54321 12345 
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LESSON 6: BINOMIAL PROBABILITY 

9 ^ 



Cb jective : 



4b 



The student vill be able to. tell the probability of an event in 
which severaJL coins are tossed. 



Example ; 

Suppose v:e toss a zzin once. Then Pj[E) = P(T) = This is 
called a binomial probability because it has two possible out- 
comes. Suppose we^toss two coins at once. What are the chances 
tnat each will be a head? That each will be a tail? 

Method : , ' 

% 

^If ;%e use a tree diagram when discussing binomial probability^ 
it is easier to see our outcomes. 

The first coiri-^(of couic&e order does not matter here) could come 
up H or T. If the first coin is an what could the second be? 
Or if the. first coin is a T, what couT^the second one be.? ' 

This is 'easily rcept track, of with a tree, diagram: 
1st coin 2nd coin outcome 



H 



H 
T 
H 



HH 
HT 
TH 
TT 



Fill in the following ^6ble using the tree diagram above: 



no. of HEADS 


2 


1 


' 0 


■ — 

no. of times 


. 1 


2 


1 


probability 


1/4 


2/h 


lA 



% • 

Apblication : . 

Suppose 'we have 3 coins. Again use a tree diagSram: 



Is^ coin " 2nd coin coin outc ome 




r 



Fill in the table: 



w r 



< 

no. of HEADS 


3 


2 


1 


0 


no. of times 


•1 


3 


3 


"1 


probability 


1/8 


3/8 


3/8 


1/8 



Problems: ^ 

« 

32. Use the above method to figure out the possibility of 
there being only one boy in a family of 3 children^ 
. t assuming that the probability- of a boy or a girl is equal. 

3S- Recalling that one coin ha^ 2 possible outcomes^ two coins 
have k possible outcomes^ and 3 coins have 8 possible out- 
coKies^ how many possible outcomes would you expect 4 coins 
to have? 

3^. Construct a tree diagram*and a ^able^ similar 'to' those in 
the lesson^ for i^* coins. What .is the probability of 4 
heads? Of 2 heads? • , * ^ 



35. Probabilit; 
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Vand animal 

one of the height of the plant, 
^contributd a height gene to its offspring. 



plays an important role in heredity in plants 
Let us talce a simple example of plant hferedity^ 

Each parent plant will 

Hence ^ the off- ' 
sprirtg will have two genes to determine its height. Let«s 
represent/ each gene with a letter^ T for Tall^ t for short. 
Furthermolre^ assume that tall will completely dominate 
short. Hence the combinations TT and.Tt will "be a tall 
plant, (jnly tt will be short. Suppose our p'al^ent generation 
has the following genes: TT and tt. The following diagram 
shows all possible outcomes of the second generation: 



2nd parent 



u 

CO 

SECOND GENERATION. ^ 




t 


• t 


T 


Tt 


Tt 


1st 




Tt 


Tt 



What is the probability of an offspring in the second 
genera tiqn being short? Tall? 



Suppose we cross two plants in the second generation. 
Pill in the table:- \ 

2nd parent 



THIRD GENERATION 



-p 
c 

0) 

u 

CO 

-p 
• to 





T 


t 


.T 


TT 


9 


4- 

o 


• 4 


9 



What is the probability of getting a short pl-ant in the 
third generation?- A tall plant? What are the odds in 
favor of a short* plant in the third generation? 



ERIC 
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LESSON 9: PASCAL'S TRIANGLE 



Objective : ' ■ 

^ — ^ 

The student can use Pascal's Triangle to solye problems in 

which a tree diagram is not ]^ractical. 
Example : • \ " 

Suppose we want to k:now tlie probability of a family with ten 
children having all girls 02^ even three girls and seven boys, 
A tree diagram is difficult to construct for such large numbers 
.a's you, can see by examining^the^ taiDles of the last lesson for 
one, two^ three, and four coins. 

If we^sta]jg^^ch row with the number of^ays to get 'all heads', 
and end with the number of ways to get no heads (all tails-), 
we g^t: 

one coin ',11, , ' . 

two coin-s 1 2, ' [1 • ^ 

three coins 1 \ 3 3 * 1 

. four coin& 1 M 6 4 1 ' 

Method ; - . . " . • " 

Are there any'patterns icn this t53^l44{ What might be the numbe'rs 
of a row for 5 coin^? • 6. 7. or >S? ^ 

Look: again at the row for three coins. What are the total *' - 
-number of outcomes? How could this row give rit to us? WJiere 
. . would the number of outcomes for getting 2 'heads and 1 tail 
be found? 

Application : • , ' * ^ ' 

Fill in this table (Pascal^s Triangle) up^ to ten coins and apply 
'it to the problem ot the fajnily with ten children. After filling 
in the table, add* a column on the end for Total Outcomes. In the' 
first row there are 2 outcomes, in the second 4, in the third 8, 
in the fourth, l6> What pattern is developing here? 

ERIC / ^38 ' ^ ■ 



Problems: ' ' * * • 

— « 

36. If 11 coins are tossed at once, what is the^ probability" 
that 5 will be, heads and 6 will be tails? What is the 
probability 5 will be tails and 6 will be heads? What is 

*the probajiility .they will all be heads? 

37. Supposey6^CQins are tossed* V/hat .is the probability 3" will^ 
be tails? . ' ' 

3S. 'If a famiiiLy has 8 children, what line would we look at in 
our. table to see what the chances of having 3 girls and 5 
boys would be? . . ' ' 

39- Suppose I have tossed a coin 6 Ipimes and it ha^ come^up 
heads every ^ time. What is the probability it will be a 



V> head on the next throw if it is a fair coin?"* 

'4o. Concealed in Pascal's Tria-ngle are the "sequence' of squares^^ 

and the "Fibonacci S^quenc^^ Can you find them? (Hint: 

You have to perform some ^dditicns to bring them out of 
hiding. ) ^ ' ' ' ^ 



EXPEKD^NT NO. 13 

(Apparatus: cup, 5 pennres) 

Using the cup,^t©ss the fiye pennies 100 times 
Keep track of the number of po;nbinations of 
Heads ^a'^^d Tails each toss. 
Record your results in a table like, this: 



5(H) 




3(H) 


■2(H) 


n ■ ' — 1 

1(H) . 


0(H) , 















Af.ter you have golripleted the table; take-a sheet 

of paper-. Construct ,a bar graph and answer .the^ ' 

following questions: • ^ 

a-,- Which combinations .occurrewS the most? Least? 

b. What percent of the tdtal humber of tosses 

did you ge^ for each of the possible out comers? 

Could. you predict the results using Pascal*i» Triangl^ 

Ho^^ do you?- results compare to t'h€se predictions? 

Each person murst'get his/own data. . \ ^ 



, ^ EXPERIMENT^ NO. l4 
, '(Apparatus: Waste bas^ket^ paper balls) 



Get a partner and roll lOssheets of paper into balls, 

Set the waste'b'a^ket in. the middle of the floor. ^ 
'i^Stand |bout Spaces away'^frofh it.' ^'Thrbw a ball of 

paper pnd try to get it in. Record the resuLts.' 

Repeat the above 50 times. Have your partner 

retrieve your shots, ^> 
*Now let your partner try it. . . 

Move^ the waste basket into a corner'. and r^eat 

the above : ^ ^ 

Calculate the percentage- of shots^ you missed and ^ ' 
the percentage of the shpCb you made in each* spot. 
.Is the experiment* a "fair" one? Does "^e position - 
of the basket mlSk^ a difference? Could you compare 
it to flipping a. cpirt; f or "fairness"? iist facjtors 
which might influence the outcome of this experiment. 



LESSON 10/. ' IKDEPElTbElfT & DEPEr®ENT EVEI^TS 



Objectives ; . ' f ' , . 

The student can find the- probability of several events occurring 
by multiplying the probabilities of the individual event^ toge*th6r 
The students can use this working definition to find\the outcome 
of a series of ev^nts^ whether they are dependent or independent. 

Examole: 

If we toss a coin 9 times and if it is tails every time, what • 
is the probability that on the next throw it wiM be tails? 

Si,nas the previcus tosses have nothing to. do with the next toss, 

V 

we c^ll these events independent . ^ • . . 

Suppose we pick a card- from a deck of playing cards. (A good 
.aid here is an oversize deck of cards avaiiable at most game 
stores^) W-hat is the P(9 o^^ hearts)?^ P(9 of'afty suit)? 

Replace the card Ih the deck. Pick another. What' is ?(6 o£- 
clubs,)'? P(a' heart)?^ Does it matter what happened on the ; * v 
previous draw? _ * - • * / . . Ti. 



Suppose a card is drawn, replaced^, and then a second card* is 
drawn. ' What is P{b6th- cards are hearts)? 

Mettled: " * . , * 

» • — * * 

Apply the fundamental counting principle to -find r(l3oth«. c5$rdj 
are hearts)'*^ ^ ' = " 

Suppose that the first card had 'not been put back' into the deck. 
Tl?sn the outcome of the second would ^depend" c5n what happened 
on the first draw. These are called vdeoenSent events since what 
happens previous tp an event infl\iences wha;t* hapj)ens "next . 



Lcplcing again at our example, 'if there is no repla dement-, we 
need .P(Heart, Heart). *'Cf course on the first draw, PCHea'rt) = 

Since we are- interested in\p(Heart,' Heaj\t), assume we "got a 

heart on the first drew. ' Hew jnany hearty are left? How many 

'cards are left? What is P(Heart) on^ the second draw? (J?) • 

. . * ^51 

♦ - 

Then the PfHeart, li^art) = i^^' ^ ||.= * . / * . 

• pc: pl If ^ , 

It is. necessajiy-.to stress the point that,- ind^d, we *may not 
have gotten, a heart the ^irst time/ but the only, case -we are' 
interested in is the series 'of events 4hat yielcfs a heart on 
the first draw and also ^- heart on tna sec ond^"^ draw. That is* ' 

the only ca^e we*cpnsider. • 

.J > ' 

ADOlication: ' ^\ - \ ' 

What is the probability of choosing^ three cards from a deck, 
without replacement, and getting "three of a kind"? Sinc^.it 
does not-matter what the first card is, tliis probability*' diT''. 
geVfcing the first card is || (=sl). This msr^ .seem Strang^, ^at * 
fiFst, but renrember/ the first card' can be^-any card. It i-s 
the next two that have^ to match it. Since there are only 4 
of each rank of c^rd and since onfe of them has Already been 
drawn, how many i^re left? {31 And ^how man^ cards total? (51) 



So the probability that the second' card matches the first is -A- • 

_ .» 51 

And 'the probability that the third card siStchss the* first is 

^ ■ - , ^ . 1 1 1 

' " . of'-a kind) = ^ . ^ . X = ^. • • . 

1 i7 25 ^ 

Problems: , ' ' * . ' - • • 

41. 'You are give^i B^^ar with 3 red, 2 blue, 5 .yellow/atid 6 

green marbles^ • * ' 

. ^ a. If a marble Is drawn, replaced, and another is dr^wn^ 
what is the probability both marbles were red? ' " 

. • 42 ^ * ^ 



b. If a marble is drawn but is'not replaced, . and another 

is drawn, what is tl^e probability both marbles were .red? 

c. 3 iBer^^s are drawn- without replacement. What .is the 
proba^lity that 2 are y^l^low' and 1 is blue? . 

A pair of dice is thrown twice. The result of the first, 
throw is a 7. What is the Probability that a 7 will appear 
on the secpnd throw? Does the second, throw depend in any 
way on the first throw? 

In; each of the following^ assume you.are given a standard 
dsck of playing cards and that all drawing is done without • 
replacement • What is the probability of drawing: 
a. 4 hearts in 4 , draws? 

•b» The jack of diamonds^ followed by the king^ of spades? 
c . A .pair of aces? 

d. Any pair? (Remember vChat *the first card can l?e any card.) 
e- A Royal Fltish in 5^ draws.- (A royal Flush is Ace,^ King^ 

Queen,- Jack, Ten in any one suit. Remember that the 
first card can be in ^ny suit, but it must 'be "Royal".) 



2. 



6. 
7. 



BKPERBffiNT NO. 13 ^ 

(Apparatus: Box, blue and red marbles) 

In a box put 10 red a-nd 10 blue marbles. 

Hov many marbles do you think you will have to* 

drav.'', 'v;ithour. replacing them^ to get. two red ones? 

Try drawing marbles out, one^t a time, 9nd count 

how many ycu draw tc get two red ones. 

Replace the marbles and repea't the process 49 times, 

VJhat is the average number o'f marbles you had^ to 

picic to get two red ones? How does this compare 

tc your guess? 

What would be the largest number .of marbles you 
ccujd pick out befc^re you got two red ones? 
Would the results* change if you, simply had to 
draw two marbles of the same color (either red 
or blue}? Why or why not? 



EXPERMNT KO, l6 
(Apparatus: Pape'r, toothpicks) 

1. Draw parallel lines, equally spaced, on a sheet of 
cardboard spaced twice the length of a 'toothpick.* 

2. Allow a toothpick to fail anywhere on the sheet; 
do this 100 times>w 

3- Keep track of the number of times ,the toothoick 



touches a line* * , 

Determine the ratio between the number of tosses 

of the toothpick and th^ number of t^n^s it 

touches any line, 

total, no. of tosses 

• no. of times it touched ^ line 

Compare this ratio to 3-l^- Ooefr this ratio 
look familiar? What does it have to do with 
this experiment? 



l4 
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EXPERBIEIW N0> 17 

(Apparatus: Playing carcis) 

Ta.<e 8 cards from a normal deck: of playing cards 
so that you have U pairs. (It does not matter * 
which ones they are.) 

Shuffle them ai^^ choose 2 cards ^ ,one at a time. 
What is the probability that the 2 cards you 
have chosen will be a pair? 

Put back, the 2 cards you have chosen, shuffle 
them, and choose 2 more until each p^erson in 
your group has repeated the exercise, 50 times. 
Now combine your data. How many times did you 
get two cards of the same rank? (A pair) 
What percent of the total is this number? 

« 

Make a frequency distribution chart and a bar' graph 
showing the results o^ your data. (For the purposes 
of this experiment, assume that the order in which 
the cards were chosen does not matter.) 



' LESsdK 11: complei-iei»t:ary probabilities 

Objective : . ^ 

The student can use the definition of complementary otobability 
to solve elementary problems. 

Example: 
P 

Suppose 'we take a group of thirty oeoole. What are the chances 
two of them have a 'birthday on the same day? Well, it figures 
out to be about 70^1 . ' \ ^ 



> 



Method: 



What would be the .P(rolling a 5) on a pair of dice? What would 
be P(not rolling, a 5)? 

What is P(r9llirig a 5) *+-P(no,t rolling a 5)? 
• • • 

These are called complementary probabililitj^es because any time 
we add the probability of an event occurring to the probability 
that it will not happen we g§t 1. This is intuitively obvious 
since we know that either an event will oa: will not happen. We 
can rearrange t^is .identity to^help us solve problems. 

. » R( event happens P( event does not happen) - 1. 

P^( event does not happen) = 1 -•P(event does happen). 
P(event does happen)' =1 - P(event does noc happen). 

Application :^ , . ' • 

P(2 people share birthday) = 1 - P(2 people* do not). If we 
consider two people, how can we choose their birthdays so they 
do not coincide? The first oerson can have any day, i.e,, 
The second can have only his choice of days. 

P(-2 share) = 1 - P(2 do not share) 
= 1 - 0.9§7 ='*:'603. 



Suppose we have 3 people: 

P(2 share) =1 - .P{'2 don't shar^ 

^ T .365 * 364 363^, 
- " ^365 ' 355 ' 3^5^ 
= 1 - 0.992 = .008. 

Suppose we have 30 people: 

P(2 share) - 1 - • ^ ' ' ' ' 3^5 ^ ' 

= 1 - 0.294 = 0.706 ^ 7<y^ 

Footnote : 

At this^ point it might be useful to discuss experimental results 
vs. theoretical results if such a discussion has not already 
taRen placed A good way to lead into such a discussion would be 
to do a survey* in a class with thirty people to see if you can 
get the desired results ^for the birthday problem. 

Problems : 

44. The probabilty of rolling a, 7 on a pair of dice is J- = 

. . '4. JO o 

What is the probability of not rolling a' 7? Show two 

different methods for confirming your answer. 

45. If a die is rolled once, what is the probability it will 
not come up 1? 

If a die is rolled twice, what is the probability it will 
not come up 1 either time? ' , 

46. If yoii draw a queen from a deck of cards and do not replafce 
it, what is the ^probability you will not draw a queen on 
the second draw? 

47. If 5 coins a^re tossed, what is the probability that they 
will not all be heads? 



47 
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ANSWERS TO PROBIEMS 

1. 21. 21.21. 10-10. 10 = 9,261,000 license plates 

2. 10^ = 1,000,000,000 numbers 

• 10^-10 = 10-^ = 10,000,000,000 ntmibers 
10^-26 = 26,000,000,000 numbers * 

3. 2^^ = 1024 choices 

4. 51 = 120 

8! 7.40,320 
31.41 = i44 

121/= 479,001,600 < 

5. 61 =\j26 arrangements ^ * 

6. 7! = 7.6! = 504o ways 

7. 8-7-6 = 366 ways 

8. 8r= 40,320 ways ^ ^ ■ 

9. '' 9-8-7-6 = 3024 cambinations 
10. 4y =^120 arrangements 



7 1 

= 8.40 arrangements. 
= 6 arrangements 



11. = 20 numb^ers 
•12. H = 5 ways 



" (^l^l^I ) ^ ^53^-600 different arrangements 
121 

(3lS12i2l ) ^ 9>7975 200 different arrangements 
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15. 



6! 



2l J 2 ' i ' ^5 different signals 



^ = 1 way 



4 ways 



4! 



4! 



212! 
2^ = 16 



= 6 ways 



g. It should agree. 

f 

l6. For 5 coins the answers would be (-going from all heads to all 
tails): -1, 5, 10, 10, 5, 1 = 2^ = 32 outcomes. 
100.99.98.97-96-95 , i,i92;b52,4oo ways 



18. 
. 19. 

•3. 20. 



^y^^ — = 792 ways 



52'51-50-49-48 

51 ^ <- 

a. b, 



= 2,598,960 ways 

52 13 



c . 




^d .. 



26 
52 



■1 



21. a. 4 



•b. 4 = 



3 _ 1 
6 - ^ 



'o 2 1 



d. g = o 



22.^ i 6 =. 1 time 




b, 

23. a. 

24. a. 
b. 
c . 
d. 



P(even number) = 
^•30 = 15 times 



^•100 j= 16.67'ltimes a 17 times out ojf 100 = 17^ 



•16 

1 . 
3^ 

i = ^ 33. 
0 



, IB ^ 10 ■ 26 



c. 



16 

50 



d. 32, 20, 28, 20 



= 3^ 



35 



= 0?5* 



•ERIC 



.49 



57 



26. 

27. 
28. 

29. 
30. 

31. 



8 

3^ 
24 

3^ ^7^ 



* 22^ 



You are more likely to lose since a 7 is more likely to 
up than any one of those numbers. 

8 to 28 = 2 to 7 in favor of winning . . ' . 

4 to 32 = 1 to 8 in favor of loging- 

odds against an event = "U"^t)er of unfavorable, ways . 

number of favorajj^e ways 

odds against winning on firaf throw = 7 t® 2 
-They are not the same as the odds against losing. 



come 



32. 


i ■ ■ 

8 ■ c 








33. 


l6 outcomes 

4 








34. 






9 > 






^(^«' = ^ = f \ 








35. 


,P(tt in second generation) = 


'0 

t 






V 


P{TT in second generation) = 


4 
4 

i. 


= 1 






• • Third generation: 




TT 


Tt 




• \ 




Tt . 


tt 




P( short in third) = J 








V 


P(Tall in third) = f 

Odds in favor 4tiort ih third 




1 to 


3 



*0 



36. P(5 Heads'^ = ^ « 23^ 
P(6 Heads) =^..23% 
P(ll. Heads^ ='2^ = -0005 
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37. P(3H) = « 31^ 

38. Look at eighth, line 

39. P(H) = I 
40. 




Sequence of Squares 
1 + 3 = 4 ■ 
3+6 = 9- 



Fibonacci Sequertce: (1,1,"2,3,5,8. 
1 =1' 
1 + 1 - =2 

e 

1 + 2 * = 3 
1 + 3+1=5 



4l. a. 



b. 



c. 



42. 
43. 



3 . 3 _ 9 uqf- 
TS IB' 256- 

1^ 35 ~ 25o ~ 3^ 



5 4 J_ _ 40 
15" 15" ' 14 " 315^ 



« 1^ 



61* * 

= ^ ^= 175^ No, it do6s not depend in any way on the first 



a. 



throw. 

13 • 12 , 11 . 10 1 7 ,16Q ^ 003 

55 51 5?^. T^r 6,497^400 ^^^^ 



c. 



d. 



12 



« .005 



4 .3 

5? 51 ~ 2652 

52 . 3 _ 3 _ oRft 
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^ ^0 4 ' 3 2 1 480 

^* 52- * 51 • 50 ; 2i5 * TfH = 3ll,B75,S66 T -000002^ 

* 

44. p{not rolling a 7) = |§ f ,| 



or 

P(hot rolling a 7) = 1 - P( rolling a 7) 

= 1 



1 _ 5. 



^5. a. J 



46: P(not drawing a ^ueen on se'cond draw) = 1 - P(will draw a q\/een) 

3 

51 



4?. P(not a^l heads) = 1 - p(all heads) 

= 1 - -^^ 

32 ' 

= H « 97^ • 



\ 



52 



f 



The foMwmg were mejpbeTs of the Guidelines Committee tor Qualit> Mathematics 
Tc^chm^^ durmg the development ot* this monograph 

Judy Bauer ..... . .. ; Laflswg 

Richard Debeiak . . : ' i^^n Mountain ' 

Theresa Denman . . , '....Detroit 

Herberj, Hannon Kalamazoo 

Dianne Hewitt . . .Traverse City 

David Johnson ^ ^ yp„,,„ji 

•DanKorman ; West Branch " 

Evelyn Ko/jr Detroit 

^^""f" •. Ann Arbor 

Charles Schloff , . . . . Dearborn^Heights 

Albert P. Shulte (Chairman) Pontiac 

Tamara H. Sihon p^^, ^uron 

Janet Sullivan " ^ pii^j 



Your comments and crilicsms of this monograph, as wEll as suggestions fox other 
monographs (or manuscripts tor thcrn) can be sent to 

\ 

Albert P. Shulte 

Oakland Schools , _ * 

2100 Pontiac Lake Road * " . ' . 

Pontiac. Michigan 48054 , ^ . . 



